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Abstract
The a00(980)− f0(980) mixing is one of the most potential tools to learn about the nature
of a00(980) and f0(980). Using the f0(980)-a
0
0(980) mixing intensity ξaf measured recently
at BESIII, we calculate the the branching ratio of the the isospin violation decay J/ψ →
γηc → γpi0a00(1450) → γpi0a00(980)f0(500) → γpi0f0(980)f0(500) → γpi0pi+pi−pi+pi−. The
value of the branching ratio is found to be O(10−6), which can be observed with 1010 J/ψ
events collected at BESIII. The narrow peak from the f0(980)-a
0
0(980) mixing in the pi
+pi−
mass square spectrum can also be observed. In addition, we study the non-resonant de-
cay a00(1450) → f0(980)pi+pi−(non-resonant), which is dominated by the a00(980)-f0(980)
mixing. We find that the non-resonant decay a00(1450) → f0(980)pi+pi− and the decay
a00(1450)→ f0(980)f0(500) can be combined to measure the mixing intensity ξaf in exper-
iment. These decays are the perfect complement to the decay χc1 → f0(980)pi0 → pi+pi−pi0
which had been observed at BESIII, the observations of them will make the measurement
of the mixing intensity ξaf more precisely.
∗chengxd@mails.ccnu.edu.cn
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1 Introduction
The inner structure of the light scalar mesons such as a00(980) and f0(980) has been studied for
over thirty years, and now it is still a hot topic in particle physics. There are several proposals
for the inner structure of the light scalar mesons, such as qq¯ states, glueball, hybrid states,
molecule states, tetra-quark states and the superpositions of these contents [1–11]. However,
there is still no general agreement on the inner structure of a00(980) and f0(980), due to the
absence of convincing evidence.
The a00(980)− f0(980) mixing, which was first suggested theoretically in Ref. [12], is one of
the most potential tools to learn about the nature of a00(980) and f0(980), and therefore has been
studied extensively in various processes [13–51].In February 2018, The BESIII Collaboration
studied the a00(980)− f0(980) mixing with the decays of J/ψ → φf0(980)→ φa00(980)→ φηpi0
and χc1 → a00(980)pi0 → f0(980)pi0 → pi+pi−pi0, the signals of the a00(980)− f0(980) mixing were
observed with a statistical significance of larger than 5σ for the first time. The values of the
mixing intensities were mesaured [52]
ξfa = (0.99± 0.35)× 10−2 (solution-1)
ξfa = (0.41± 0.25)× 10−2 (solution-2) .
(1)
and
ξaf = (0.40± 0.17)× 10−2 . (2)
here, the mixing intensities ξaf and ξfa are defined as
ξfa =
B(J/ψ → φf0(980)→ φa00(980)→ φηpi0)
B(J/ψ → φf0(980)→ φpi+pi−) (3)
ξaf =
B(χc1 → a00(980)pi0 → f0(980)pi0 → pi+pi−pi0)
B(χc1 → a00(980)pi0 → ηpi0pi0)
. (4)
there are two solutions for the mixing intensity ξfa, the recent theoretical calculation prefer to
the solution-1 result [53]. The result of ξaf suffers large uncertainty, and a question whether
there would be a difference between the two mixing intensities ξaf and ξfa may be raised, so
more precise data and more reactions are needed in both experiment and theory.
The a0(1450) resonance is a scalar-isovector meson and is assumed to be the conventional
quark-antiquark structure based on the native quark model, the latest theoretical calcula-
tions [54–56] also confirmed this conclusion. The BABAR collaboration performed a Dalitz
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plot analysis for the ηc → K+K−pi0 and ηc → K+K−η decays and obtained the branch fraction
of the ηc → a0(1450)pi0 → K+K−pi0 decay relative to the ηc → K+K−pi0 mode [57]
B(ηc → a0(1450)pi0) · B(a0(1450)→ K+K−)
B(ηc → K+K−pi0) = (10.2± 2.5)× 10
−2. (5)
By combining the recent data on the branching ratio of ηc → K+K−pi0 and J/ψ → γηc from
the Particle Data Group [58]
B(J/ψ → γηc) = (1.7± 0.4)× 10−2 (6)
B(ηc → K+K−pi0) = (3.65± 0.25)× 10−2 (7)
and the value of the branching ratio of a0(1450)→ K+K− in Ref. [59]
B(a0(1450)→ K+K−) = (4.61± 0.61)× 10−2, (8)
we find that the branching ratio of J/ψ → γηc → γa0(1450)pi0 can reach the order of 10−3.
Based on the data samples of 1010 J/ψ events collected with the BESIII experiment [60–63],
about 107 a0(1450) meson can be produced through decays J/ψ → γηc → γa0(1450)pi0, this
large a0(1450) sample at BESIII will make it possible to investigate the properties of a0(1450)
meson and study the related physics.
In this paper, we investigate the isospin breaking decay ηc → a0(1450)pi0 → a00(980)f0(500)pi0 →
pi+pi−f0(500)pi0 produced via J/ψ → γηc. We predict the branching ratio of this reaction by
using the recent measurements at BESIII and calculate the distribution of the pi+pi− mass square
spectrum near theKK¯ thresholds. We also discuss the a0(1450)→ f0(980)pi+pi−(non-resonant)→
pi+pi−pi+pi− decay process which is realized mainly via the a00(980)-f0(980) mixing.
2 the data on the decay
The ηc → pi0a0(1450)→ pi0a00(980)f0(500)→ pi0pi+pi−f0(500) decay violate the isospin symme-
try, it can proceed via the a00(980)-f0(980) mixing. In this process, the mixing intensity ξaf is
given as
ξaf =
B(ηc → pi0a0(1450)→ pi0a00(980)f0(500)→ pi0f0(980)f0(500)→ pi0pi+pi−pi+pi−)
B(ηc → pi0a0(1450)→ pi0a00(980)f0(500)→ pi0ηpi0f0(500)→ pi0ηpi0pi+pi−)
. (9)
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here, B(ηc → pi0a0(1450)→ pi0a00(980)f0(500)→ pi0ηpi0f0(500)→ pi0ηpi0pi+pi−) is the branching
ratio of the ηc → pi0a0(1450)→ pi0a00(980)f0(500)→ pi0ηpi0f0(500)→ pi0ηpi0pi+pi− decay
B(ηc → pi0a0(1450)→ pi0a00(980)f0(500)→ pi0ηpi0f0(500)→ pi0ηpi0pi+pi−) =
= B(ηc → pi0a0(1450)) · B(a0(1450)→ a00(980)f0(500)) · B(a00(980)→ ηpi0) · B(f0(500)→ pi+pi−).
(10)
By combining Eq.(5) and Eq.(7), one can obtain
B(ηc → pi0a0(1450)) · B(a0(1450)→ K+K−) = (3.72± 0.96)× 10−3. (11)
The ratio of the branching ratio of a0(1450)→ a00(980)f0(500) to a0(1450)→ K+K− had been
presented in Ref. [59]
B(a0(1450)→ a00(980)f0(500))
B(a0(1450)→ K+K−) = 8.24± 2.72, (12)
so we can predict the branching ratio of the decay chain ηc → a0(1450)pi0 → a00(980)f0(500)pi0
as
B(ηc → pi0a0(1450)) · B(a0(1450)→ a00(980)f0(500)) = (3.06± 1.28)× 10−2. (13)
From Refs. [1, 64, 65], we can obtain the branching ratios B(f0(500) → pi+pi−), B(f0(980) →
pi+pi−) and B(a00(980)→ ηpi0)
B(f0(500)→ pi+pi−) = 0.67, (14)
B(f0(980)→ pi+pi−) = 0.50+0.07−0.09 (15)
B(a00(980)→ ηpi0) = 0.845± 0.017. (16)
Substituting Eq.(14), Eq.(16) and Eq.(13) into Eq.(10), one could predict the branching ratio
of the decay chain ηc → pi0a0(1450)→ pi0a00(980)f0(500)→ pi0ηpi0f0(500)→ pi0ηpi0pi+pi− as
B(ηc → pi0a0(1450)→ pi0a00(980)f0(500)→ pi0ηpi0f0(500)→ pi0ηpi0pi+pi−) = (1.74± 0.72)× 10−2.
(17)
Combining this equation with Eq.(2) and using Eq.(9), we then obtain the branching ratio
B(ηc → pi0a0(1450) → pi0a00(980)f0(500) → pi0f0(980)f0(500) → pi0pi+pi−pi+pi−) as (0.70 ±
0.41)× 10−4. Adding this value and Eq.(6) together, we can readily obtain
B(J/ψ → γηc → γpi0a0(1450)→ γpi0a00(980)f0(500)→ γpi0f0(980)f0(500) → γpi0pi+pi−pi+pi−)
4
a0(1450)
f0(500)
a00(980)
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π−
Figure 1: Feynman diagram for the reaction a0(1450) → a00(980)f0(500) → f0(980)f0(500) →
pi+pi−f0(500).
= (1.19± 0.75)× 10−6. (18)
Obviously, this decay is hopefully to be marginally detected in the e+e− colliders in view of the
large database of BESIII.
3 the mechanism responsible for the decay
As for the decay a0(1450)→ a00(980)f0(500)→ f0(980)f0(500)→ pi+pi−f0(500), the amplitude
is proportional to the mixing of the a00(980) and f0(980) resonances, which is caused by the
mass difference of K+K− and K0K¯0 intermediate state. The diagram of f0(980) production in
the a0(1450) → a00(980)f0(500) → f0(980)f0(500) → pi+pi−f0(500) reaction is shown in Fig 1,
so the decay amplitude from this process can be written as
M(a0(1450)→ a00(980)f0(500)→ f0(980)f0(500)→ pi+pi−f0(500)) =
=Ma0(1450)a00(980)f0(500) ·
Πa00f0(q
2)
Da00(q
2)Df0(q
2)− Π2
a00f0
(q2)
· gf0(980)pi+pi− , (19)
here, q2 = (ppi+ + ppi−)
2, a00 and f0 is respectively the shorthand of a
0
0(980) and f0(980).
Ma0(1450)a00(980)f0(500) is the invariant amplitude for the decay a0(1450)→ a00(980)f0(500),
B(a0(1450)→ a00(980)f0(500)) =
∣∣∣Ma0(1450)a00(980)f0(500)∣∣∣2 · f(ma0(1450),ma00(980),mf0(500))16piΓa0(1450)m3a0(1450) , (20)
hereinafter,mr denote the mass of resonance r [r = f0(980), a
0
0(980), f0(500), a0(1450), η, pi
0,
pi+, K0, K+] and Γr with r = a
0
0(980), f0(980), a0(1450) denote the width of the resonance.
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The function f(x, y, z) is defined as
f(x, y, z) =
√
x4 + y4 + z4 − 2x2y2 − 2x2z2 − 2y2z2, (21)
gf0(980)pi+pi− is the coupling constant of f0(980) with pi
+pi− and can be extracted from the
branching ratio of the f0(980)→ pi+pi− decay
B(f0(980)→ pi+pi−) =
∣∣gf0(980)pi+pi−∣∣2 · f(mf0(980),mpi+ ,mpi+)16piΓf0(980)m3f0(980) . (22)
The a00(980)-f0(980) mixing amplitude Πa00f0(q
2) has the following form [44,66]
Πa00f0(q
2) =
ga00(980)K+K−gf0(980)K+K−
16pi
[
i
(
RK+K−(q
2)−RK0K¯0(q2)
)
− RK+K−(q
2)
pi
ln
1 +RK+K−(q
2)
1−RK+K−(q2) +
RK0K¯0(q
2)
pi
ln
1 +RK0K¯0(q
2)
1−RK0K¯0(q2)
]
, (23)
where ga00(980)K+K− and gf0(980)K+K− is the coupling constant ofK
+K− with a00(980) and f0(980),
respectively. For q2 ≥ 4m2a [a = K+, K0], Raa(q2) =
√
1− 4m2a/q2, if q2 ≤ 4m2a, then Raa(q2)
should be replaced by i
√
4m2a/q
2 − 1. In Eq.(19), Dr(q2) is the inverse propagator of the
unmixed resonance r,
Dr(q
2) = q2 −m2r −
∑
ab
[
ReΠabr (m
2
r)− Πabr (q2)
]
. (24)
For r = a00(980), ab =
(
ηpi0, K+k−, K0K¯0
)
; for r = f0(980), ab =
(
pi+pi−, pi0pi0, K+k−, K0K¯0
)
.
Πabr denote the diagonal matrix of the polarization operator of the resonance r corresponding to
the one loop contribution from the two-particle intermediate ab states, it is a piecewise function,
its expressions in the different q2 regions are displayed in Eqs.(18-20) of Ref. [67]. Making use
of Eqs.(19), (20) and (22), it is then straightforward to obtain
dΓ(a0(1450)→ a00(980)f0(500)→ f0(980)f0(500)→ pi+pi−f0(500))
dq2
= B(f0(980)→ pi+pi−)
· B(a0(1450)→ a00(980)f0(500)) ·
∣∣∣∣∣ Πa00f0(q2)Da00(q2)Df0(q2)− Π2a00f0(q2)
∣∣∣∣∣
2
· ϕS, (25)
where ϕS is the relevant phase-space factor
ϕS =
Γa0(1450)Γf0(980)m
3
f0(980)
piq2
· f(ma0(1450),mf0(500),
√
q2)
f(ma0(1450),mf0(500),ma00(980))
· f(
√
q2,mpi+ ,mpi+)
f(mf0(980),mpi+ ,mpi+)
, (26)
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Table 1: Properties of the resonances.
mpi+ = 139.6MeV [58] mpi0 = 135MeV [58]
mK+ = 493.7MeV [58] mK0 = 497.6MeV [58]
mη = 547.9MeV [58] mη′ = (957.8± 0.1)MeV [58]
mf0(980) = (0.99± 0.02)GeV [58] Γf0(980) = 0.074GeV [68]
ma00(980) = (0.98± 0.02)GeV [58] Γa00(980) = (0.092± 0.008)GeV [58]
ma0(1450) = (1.474± 0.019)GeV [58] Γa0(1450) = (0.265± 0.013)GeV [58]
mf0(500) = (0.475± 0.075)GeV [58] ga00(980)ηpi0 = 2.43GeV [1,64]
ga00(980)K+K− = (2.76± 0.46)GeV [69,70] ga00(980)K0K¯0 = (2.76± 0.46)GeV [69,70]
gf0(980)pi+pi− = 1.39GeV [1,64] gf0(980)pi0pi0 = 0.98GeV [1,64]
gf0(980)K+K− = 3.17GeV [44] gf0(980)K0K¯0 = 3.17GeV [44]
By multiplying both sides of Eq.(25) by B(J/ψ → γηc) and B(ηc → a0(1450)pi0), one can obtain
B(J/ψ → γηc → γa0(1450)pi0) · dΓ(a0(1450)→ a
0
0(980)f0(500)→ pi+pi−f0(500))
dq2
= B(J/ψ → γηc) · B(ηc → a0(1450)pi0) · B(a0(1450)→ a00(980)f0(500))
· B(f0(980)→ pi+pi−) ·
∣∣∣∣∣ Πa00f0(q2)Da00(q2)Df0(q2)− Π2a00f0(q2)
∣∣∣∣∣
2
· ϕS, (27)
With the value of the parameters which are listed in Table 1 and substituting Eq.(6),
Eq.(13) and Eq.(15) into Eq.(27), we can obtain the distribution curve of the pi+pi− mass square
spectrum for the decay J/ψ → γηc → γpi0a00(1450) → γpi0a00(980)f0(500) → γpi0pi+pi−f0(500),
which is presented in Fig. 2. Here, we note that the narrow peak from the a00(980)-f0(980)
mixing can be clearly observed in this figure. The physical range of q2 for a00(1450) →
pi+pi−f0(500) is 4m2pi+ ≤ q2 ≤ (ma0(1450) − mf0(500))2. By integrating over the variable q2, we
finally obtain the following value of the branching ratio
B(J/ψ → γηc → γpi0a00(1450)→ γpi0a00(980)f0(500)→ γpi0pi+pi−f0(500)) =
(
1.04+0.68−0.61
)× 10−6,
(28)
here, we combine the uncertainties of the branching ratios involved in the calculation, the decay
width of a0(1450) and the mass of f0(500) to determine the final error of the aboved branching
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Figure 2: the distribution of the pi+pi− mass square spectrum (q2 = (ppi+ + ppi−)2) for the decay
J/ψ → γηc → γpi0a00(1450)→ γpi0a00(980)f0(500)→ γpi0pi+pi−f0(500).
ratio. Adding Eq.(14) and Eq.(28) together, we then arrive at
B(J/ψ → γηc → γpi0a00(1450)→ γpi0a00(980)f0(500)→ γpi0pi+pi−pi+pi−) =
(
0.70+0.46−0.41
)× 10−6,
(29)
4 the non-resonant decay a00(1450)→ f0(980)pi+pi−
In experiment, the resonant f0(500) is reconstructed by the f0(500)→ pi+pi− decay. If we apply
the selection criteria which restrict the invariant mass of pi+pi− to the f0(500) mass window,
the background channel a00(1450) → f0(980)pi+pi−(non-resonant) can not be removed because
of the large width of the resonant f0(500). Fortunately, however, the the non-resonant decay
a00(1450) → f0(980)pi+pi− violates isospin invariant or C symmetry, the violation of isospin
invariant is caused by the a00(980)-f0(980) mixing.
In the isospin limit, the wave function of the two pions system can be written as [71,72]
(pipi)I3=0I=0 =
√
3
3
∣∣pi+〉 ∣∣pi−〉+ √3
3
∣∣pi−〉 ∣∣pi+〉− √3
3
∣∣pi0〉 ∣∣pi0〉 , (30)
(pipi)I3=0I=1 =
1√
2
∣∣pi+〉 ∣∣pi−〉− 1√
2
∣∣pi−〉 ∣∣pi+〉 , (31)
(pipi)I3=0I=2 =
√
6
6
∣∣pi+〉 ∣∣pi−〉+ √6
6
∣∣pi−〉 ∣∣pi+〉+ √6
3
∣∣pi0〉 ∣∣pi0〉 , (32)
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In the above equations, we can see that the C parity of (pipi)I3=0I=0 , (pipi)
I3=0
I=1 , and (pipi)
I3=0
I=2 are +1,
−1 and +1, respectively. As for the non-resonant decay a00(1450) → f0(980)pi+pi−, if isospin
is conserved, two pions system have I = 1, I3 = 0, so the the C parity of two pions system
is −1, as a consequence, C(f0(980)(pipi)I3=0I=1 ) = −(f0(980)(pipi)I3=0I=1 ), while it is C = +1 for
a00(1450), therefore this decay violate C. if the non-resonant decay a
0
0(1450) → f0(980)pi+pi−
violate isospin, two pions system have I = 2, I3 = 0 or I = 0, I3 = 0, then the the C parity
of two pions system is +1, we can easily achieve that this decay conserve C. In a word, the
non-resonant decay a00(1450)→ f0(980)pi+pi− violates C or I. Because C violation is only known
to occur in weak interaction, the contribution from C violation is much smaller than that from
the isospin violation, which can occur in electromagnetic interaction, so the contribution from
C violation can be neglected. The non-resonant decay a00(1450)→ f0(980)pi+pi− is determined
mainly by the contribution of the isospin symmetry breaking process which is cased by the
a00(980)-f0(980) mixing, so the non-resonant decay a
0
0(1450) → f0(980)pi+pi− and the decay
a00(1450)→ f0(980)f0(500) can be combined to measure the mixing intensity ξaf in experiment.
5 Prospects for the measurement at BESIII
As for the decay J/ψ → γηc → γpi0a00(1450) → γpi0a00(980)f0(500) → γpi0f0(980)f0(500) →
γpi0pi+pi−pi+pi−, there are four intermediate states, i.e., ηc, a00(1450), f0(500) and f0(980). Be-
cause of the narrow peak near the KK¯ thresholds in the pi+pi− invariant mass spectrum, the
event selection criteria for the f0(980) candidates has high efficiency. As discussed in section 4,
the selection criteria which constraint the invariant mass of pi+pi− to the f0(500) mass win-
dow also has high efficiency when both the non-resonant decay a00(1450) → f0(980)pi+pi− and
the decay a00(1450) → f0(980)f0(500) are combined. In addition, the pi0 final state is recon-
structed through the decay pi0 → γγ, which branching ratio is (98.82± 0.03)% [58], so the final
states of the decay J/ψ → γηc → γpi0a00(1450) → γpi0a00(980)f0(500) → γpi0f0(980)f0(500) →
γpi0pi+pi−pi+pi− contain three photons and four charged track. After considering all these
above, we assume that the efficiency for J/ψ → γηc → γpi0a00(1450) → γpi0a00(980)f0(500) →
γpi0f0(980)f0(500)→ γpi0pi+pi−pi+pi− is 3% after the final selection [61,73–75], so the branching
ratio-times-efficiency factor of this decay can reach about 3.0× 10−8. The BESIII experiment
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will produce 10×109 J/ψ events [61–63,76], so about 300 events should be observed in the cor-
responding signal region. Therefore, the isospin breaking decay J/ψ → γηc → γpi0a00(1450)→
γpi0a00(980)f0(500) → γpi0f0(980)f0(500) → γpi0pi+pi−pi+pi− may be used to study the a00(980)-
f0(980) mixing and determine the value of ξaf exactly.
6 Conclusions
In summary, using the f0(980)-a
0
0(980) mixing intensity ξaf measured recently at BESIII [52],
we investigate the f0(980)-a
0
0(980) mixing through the isospin violation decay J/ψ → γηc →
γpi0a00(1450) → γpi0a00(980)f0(500) → γpi0f0(980)f0(500) → γpi0pi+pi−pi+pi−. We find that
the branching ratio for the decay can reach up to the order of 10−6, which might be hope-
fully measurable with 1010 J/ψ events collected at BESIII. We also observe the narrow peak
from the f0(980)-a
0
0(980) mixing in the pi
+pi− mass spectrum. The related decay a00(1450) →
f0(980)pi
+pi−(non-resonant) which is dominated by the contribution of the isospin symmetry
breaking process can be combined with the decay a00(1450)→ a00(980)f0(500)→ f0(980)f0(500)→
pi+pi−pi+pi− to study the f0(980)-a00(980) mixing in experiment. These decays could be com-
plementary to the decay χc1 → f0(980)pi0 → pi+pi−pi0 which had been observed at BESIII [52],
the observations of them will make the measurement of the mixing intensity ξaf more precisely,
and then enhancing the understanding the nature of the light scalar mesons.
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